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Problems

. For positive reals a, b, ¢ prove that:
(a+b+¢)*>6V3(a—b)(b—c)(c—a)

. For a,b,c >0 and k € R find the best constant that satisfies
(@a+b+¢)°>k(@®+b*+c2)(a—b)(b—rc)(c—a)
. For nonnegative reals a, b, ¢, find the best k satisfying
(a+b+c)® > k(ab+bc+ac) (a—b) (b—c)(c—a)
. For nonnegative a, b, ¢, find the best k£ such that

(a® + 0% + 62)3 > k(a—b)?b—c)(c—a)’

. For nonnegative reals a, b, c prove that

4abc
(a+b)(b+c)(c+a)

ab L be L ca
(@+b)?®  (b+c)® (c+a)

1
QSZ‘F

. For a,b,c > 0 satisfying a? 4+ b*> + ¢? = 6 Find P,,;,, where

a 2b be
P=—4+ —
be + ca ab

. For nonnegative reals a, b, c Prove that:

(@+b)’(at+o)® b+’ (a+bh)’®  (b+c)’(c+a)

(b2 = c2)? (c2 —a?)* (a2 =62)*

. For positive reals a, b, ¢ prove that

a n b n c JrE ab + be + ca LS
b+c c+a a+b 5 a?24+b2+c2 7 5

. For positive a, b, c;show that :

(a? +bc) (b* + ca) (> +ab) (a—b)(a—c) (b—c)(b—a) (c—a)(c—b)>1
(a? 4 b?) (b2 + c2) (c* + a?) b2 +c? c?+a? a?+v

. For positive reals a, b, ¢ prove that :

ab + be + ca 16abc

1
+a2+b2+02 “(a+b)(b+c)(c+a)




11. For nonnegative a, b, ¢ prove that :
(a® + 0%+ ¢* — 1)2 >2(a®b+bPc+ cPa—1)
12. Let a, b, c > 0 satisfy a + b + ¢ = 2. Prove that we have;
o (V¥ + V) (VI 4 V) (V& 4+ V) < 2
N (a2 +b2) (b2 +c2) (02+a2) <9
.(Ja?+¢b?) (Vb?+¢c?> (ﬁ+@) <2

o (a®+0%) (b® + %) (¢ +a®) <2
(a®>+0%) (b + ) (P +a®) < (a+b)(b+c)(c+a).

13. a,b,c > 0. Prove that

(a® 4 5bc) (b% + 5ca) (¢ + 5ab) > 27abe (a +b) (b + ¢) (c + a)

14. Let a,b,c > 0. Prove that:

(2@2 + 7bc) (2b2 + 7ca) (2(:2 + 7ab) > 27 (ab+ be + ca)3

15. a,b,c > 0 are the sides of a triangle. Prove that

a® +b% 4+ & + 9abe < 2[ab (a4 b) + be (b + ¢) + ca(c + a)

16. Let a,b,c > 0. Show that:

a® b2 c?
7 + 7 T 5 <1
262+ (b+c—a) 2024+ (c+a—b) 2¢2 4+ (a+b—c)
17. Let a,b,c > 0 Show that:
3a? +5ab  3b2 +5bc  3c? + bea
b+’ (cta)®  (a+b)?
18. Let a,b,c > 0 satisfy a + b 4+ ¢ = 3. Prove that:
(a® + % + ) (ab + be + ca)® < 3°
19. a,b,c > 0 Show that
a® b? c? 10abc
> 2

6+ " craf @r0? @rbhbrota -



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

For a,b,c > 0 such that a + b+ ¢ = 3, prove the following inequality:

(ab® + bc® + ca®) (ab + be + ca) < 16

a,b,c > 0 satisfy abc = 1. Prove that
a b

C >\/§

+ + >
V242 Ve2+2a  VaZz+2b

For nonnegative a, b, ¢ satisfying ab + bc + ca = 3, prove that

3(a+b+c)+2(\/5+\/5+\/6) > 15

For nonnegative reals a, b, ¢ prove that:

a? b2 2

(b—&-c)2 * (c+a)2 * (a+b)2

For nonnegative a, b, c; show that

3 (a4 +ot 4+ c4)+7 (a2b2 + 232 + 62a2) > 2 (a?’b + b3+ c?’a) +8 (ab3 +bc® + ca?’)

For a,b,c¢ > 0 , show that:

1
- >
5 2

§ a? 4+ b2+
4 ab+ be+ ca

>3
-8

at n bt n ct n 3abc
(a+b)* b+ (c+a)* 2(a+b)(b+c)(c+a)
Let a,b,c > 0 satisfy a + b + ¢ = 3 Prove that:
i/aB+4 N §/b3+4 N i/c3+4 -
a?+4 b2 +4 2+4
For positive reals a, b, ¢ show that:
3abc S ab L be n ca
BLb 3= 2+ e T 2xa?
For nonnegative reals a, b, ¢ prove that:
-b? (b-0c)? (c—a)®> 24(ab+ bc+ ca)
7+ 7+ 2 7 < 8
(a+0) (b+¢) (c+a) (a+b+c)
Let a,b,c > 0; show that :
abc 32abc

1+

>
ad+34+c3 7 3(a+b)(b+c)(c+a)



30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

For nonnegative reals a, b, c show that:

i/(a2+bc)(b+c) . \S/(bQ—l—ca)(c—i—a)
a(b?+c?) b(c®+a?)

For nonnegative a, b, ¢ show that

a b

c(a2+b2) ~

+\3/(c2+ab)(a+b) -

c S at+b+ec

+ + >
Vi24+be+c2 VR +cat+a? Va2 +ab+ b2 Vab + be + ca

For nonnegative a, b, c show that

5 a®(b+c¢) 4 b5 (c+ a) 4 c®(a+b)
(b2 + ¢2) (a2 + be)? (2 + a2) (b2 + ca)® (a2 4 b2) (2 + ab)®

If A, B, C are three angles of an acute triangle, find P,,;, where:

o
T gin"A  sin” B sin”C

For nonnegative a, b, ¢ show that

+ cos™ Acos™ Bcos™ C

(a® +5b%) (b* + 5¢%) (¢* + 5a®) > 8abe (a + b+ c)?

For nonnegative reals a, b, ¢ prove that:

14 8abc

2 (ab + bc + ca)

(a+b)(b+c)(c+a) ~

For nonnegative reals a, b, ¢ prove that:

8abc

a? 4 b% + 2

12 (ab + be + ca)

S Tt cta) =

For nonnegative reals a, b, ¢ prove that:

V{a+b+c)(ab+be+ ca) > \/(%—i—\/

a,b,c > 0 Show that

a?+ b2+
+

a
>

(a+b+c)

(a+b)(b+c)(c+a)
2

b c

1
ab+bc+ca 27 b+c+

+
c+a a+bd

a,b,c > 0 Show that if a + b + ¢ = 5; we have:

10 4+ ab?® + bc® + ca® >

g . (a2b + b2+ cza)

>

3
Vi



40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

a,b,c > 0 Show that

a? b> 2

@b (-0 (c—a)

> 1

a,b,c > 0 Show that if they satisfy a + b + ¢ = 3 we always have:

ab be A b 4
c a b

a,b,c > 0 Show that

5a2 4+ 2bc  5b% + 2ca 502+2ab> g a4+ 0>+
(b—l—c)2 (c+a)2 (a+b)2 — 4 ab+bc+ca

a,b,c > 0 Show that

3a% +4bc  3b% + 4ca 302+4ab> 7 (a+b+c)?
(b+¢)? (c+a)’ (a+0b)? — 4 ab+bc+ca

a,b,c>0; a+b+c=2y12. Show that:
Vi4ad (140°) (14¢%) < 169

For a, b, ¢ > 0 satisfying a + b 4+ ¢ = 3; show that:

c a b 4 — 4

10 + 46
— W€

For a,b,c > 0 satisfying a + b + ¢ = 3, prove that if k = 3

V3(a2+b2+c?)+abc> 1+ V3k

For a,b, ¢ > 0 satisfying a + b 4+ ¢ = 3., show that

have:

avVa+b+b/b+c+cevet+a> 3V2

For a,b, ¢ > 0 satisfying a + b 4+ ¢ = 6, Show that

(114 a?) (11 +b*) (11 + ¢*) + 120abc > 4320

For a,b,c > 0 satisfying ab + bc 4 ca = 2, show that

ab (4a® + b*) + be (4b* + ¢*) + ca (4c* + a®) + Tabe (a + b+ ¢) > 16



50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

For a,b,c > 0 , show that :

a\/aQ+3bc+b\/62+30a+0\/02—|—3ab2 2 (ab+ be + ca)

For a,b,c¢ > 0 , prove that

av/4a? + 5bc 4+ by/4b? + 5ca + c\/4¢® + 5ab > (a+ b+ ¢)?

For positive real numbers a, b, ¢ show that

a b c
+ + <
Va2 +5bc VA2 +5ca V42 + 5ab

1

For positive real numbers a, b, ¢ show that

a b c
+ + <1
a++vVa2+3be b+Vb2+3ca cH+ V2 +3ab

For positive real numbers a, b, ¢ such that ab + bc + ca = 1; show that

1 1 1 1
+ + > 24—
Va2 +b2 V2 +c2 2 +a? V2
For positive real numbers a, b, ¢ satisfying a + b + ¢ = 2; show that

1 1 1
+ + > 24 —
Vaz+02 V242 Ve +a? V2

For positive real numbers a, b, ¢ such that ab + bc + ca = 3, show that

a b c 3

>
b3+abc+c3+abc+a3+abc - 2

For positive real numbers a, b, ¢, show that

. a? n b? n 2 S 3
b3+abc A 4abc  ad+abc T 2(a+b+c)

\/ a3 n \/ b3 n \/ c3 3
. -
b3 + abe c3 + abe ad +abc ~ /2

For positive real numbers a, b, ¢ that satisfy a + b+ ¢ = 3, show that

v

(1+a®) (140*) (1+¢*) > (1+a)(14b) (1 +¢)

For positive real numbers a, b, ¢ , show that

a4+ b3+ 3 24abc a b c
+ > 4. + +
abc (a+b)(b+c)(c+a) b+c c¢c+a a+d
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61.

62.

63.

64.

65.

66.

67.

68.

69.

For positive real numbers a, b, ¢ , show that

Gt bt a(b+c) b(c+a) c(a+1b)

VaZ+3be Vb2 +3ca V2 + 3ab

For positive real numbers a, b, ¢ , show that

a(*+c*)  b(F+a¥) c(a*+0¥)

ab + vk 4 F >

~ Va2 +3bc Vb2 +3ca V2 + 3ab

For positive real numbers a, b, ¢ , show that

Va2 + 4be + /b2 + dca + /¢ + 4ab > /15 (ab + be + ca)

For positive real numbers a, b, ¢ , show that

ol i
b + abe c® + abe a®+abc — /2

For positive real numbers a, b, ¢ , show that

4
(a+b)*Ob+c)(ct+a)’> 6gabc (a*b+b’c+ c?a)

For positive real numbers a, b, ¢ , show that

3a3 +abc  3b% +abe 3¢ + abe
bS +C3 CS +a3 (13 +b3

>6

For positive real numbers a, b, ¢ , show that

(a® + 6%+ %) (a+b+c) > 3y/3abe(ad + b3 + c3)

For positive real numbers a, b, ¢ , show that

1 1 1 1
>
8a2+bc+8b2+ca+802+ab ~ ab+ bc+ ca

For positive reals a, b, ¢ , show that

2,12, 2
MZ\/a2fab+b2+\/62fbc+02+\/02*00+a2Z\/3(a2+b2+02)

a+b+c

For positive real numbers a, b, ¢ , show that

Va2 —ab+ b2+ /b2 —be+c2+1/c2—ca+a2<3



70.

71.

72.

73.

74.

75.

76.

e

78.

For positive real numbers a, b, ¢ satisfying a + b 4+ ¢ = 3, show that

\/a2b+b2c+ \/b20+02a+ \/02a+a2b§3\/§

For positive reals a, b, ¢ , show that

3(a+b+c) a b c
> + +
2(ab+bc+ca) ~ a2+ B2+ 2+a?

For positive reals a, b, ¢ , show that

ab n be n ca > Vab The T ea
Vab+2e2  Vbe+2a?2  Vea+ 202 T

For positive reals a, b, ¢ satisfying a + b + ¢ = 3, show that

a L b n c . 3
b +abc A +abc  a®+abec T 2
For positive reals a, b, ¢ show that
1 1 1 3v3
2 + 73 T3 = V3
a*+bc b*+ca  cA+ab T 2 /abc(a+b+c)
Given that
11 1_9(a®+0*+¢°)
—t >
a b ¢~ (a2+b2+02)2
Prove that

(a® + 0%+ 02)2 (ab+ be + ca) > 9abe (a® + b° + ¢?)

For a,b,c > 0, show that

a®+ v+ 24abc a b c
> + +
abe (a+b)(b+c)(c+a) b+c c¢c+a a+b

For a,b,c > 0, show that

(a+b+c)? _ab+c) blc+a) cla+bh) (a+b+c)
> >
ab+bc+ca ~ a?+be b2 + ca c24ab T a?+0b%2+c?

For a, b, c > 0, show that

(a+b+c) a? N b? N c?
2(ab+bc+ca) ~ a?+bc  b2+ca 2+ ab




79.

80.

81.

82.

83.

84.

85.

86.

87.

For a, b, c > 0, show that
3 (a®b+ b*c+ a) (ab® + bc® + ca®) > abe (a+ b+ o)?
For a,b,c > 0, show that

2 2 2 3
i+£+i2 (a+b+c)
b2 a? = 3(ab® + bc? + ca?)

For a, b, ¢ > 0 satisfying a + b 4+ ¢ = 3, show that
a b c 3

° + + > —
Vbt VetaZ Va+b2 T V2
a n b n c S 9
b+c2 c+a? a+b® " 3+a+b+c

For a, b, c > 0, show that
1 n 1 n 1 S 3
ava+b bJ/b+c cvet+a T y/2abe

For a, b, c > 0, show that

ab be ca 1
>

=+ =+ 5 =
(ab+2¢2)°  (be+2a2)°  (ca+2b2)° ~ (ab+ be+ ca)’

For positives a, b, ¢, prove that

/ c S §
b+ 30 c+ 3a a+3b 2
\/b+20 Vc—|—2a \/a—|—2b
For positives a, b, ¢, prove that
a b c
=+ + >
Vab+8c2  Vbc+8a2  Vea + 8b2
a b c 3

+ + >
Vab+ 2 Vbc+a®  Vea+b2 T 4

Let a,b,c > 1, show that

<a+2§> (b+2—g) (c+‘z§’) >97- Yla—1)(b-1)(c—1)

For positives a, b, ¢, prove that

all  pl1 3 al+08+c8+9
ettt s >
be ca ab  a?b?c 2

10



88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

T,Y,2z € [O, %L show that:

(=

Ty Yoy =<2
1+9y?2 1422 14227 5

For positives a, b, ¢, prove that

a® +b*+c* +3abc+12> 6(a+b+c)

For positives a, b, ¢ satisfying a + b + ¢ = 2, prove that

(1—ab)(1—bc) (1 —ca)> (1—a?) (1—0%) (1—c?)

For positives a, b, ¢, prove that

L I I I Y,
a+b b+c c+a

For positives a, b, ¢, prove that

2
(a® +b% + ¢?) (ab+ be + ca)® > 6—1 (a+b)°(b+c) (c+a)

If A, B,C are the three angles of a triangle satisfying 5cos A + 6 cos B +
7cosC =9, show that we have:

,A2+ ,B3+ ,c4>7
SlIl2 51n2 Sln2 = 16

Let a,b,c¢ > 0;ab + bc + ca 4+ abc = 4. Show that

Va+3+vVb+3+vVe+3>6

For positives a, b, ¢, prove that

Va2 + 256bc n Vb2 + 256¢a n V2 + 256ab

> 10
b+c c+a a+b -
For positive real numbers a, b, ¢, prove that
a® b° cd a’b? b3c? c3a?

>
a+b+b+c+c+a - a+b+b+c+c—|—a
For positive real numbers a, b, ¢ satisfying ab + bc + ca = 1, show that

a® + 0% 4 ¢ + 3abe > 2abe (a + b+ ¢)®

11



98. For positive real numbers a, b, ¢ satisfying abc = 1, show that

L B L
b+c c+a a+bd

b ¢ a—

99. For positive real numbers a, b, ¢ satisfying ab + bc + ca = 1, find the mini-
mum value of:

abvab L bevbe . car/ca

c a b

100. For positive real numbers a, b, ¢ satisfying abc = 1, prove that:

a b c
T R P g
. a n b n c_ -
ad+1 B+1 3+1-
a b c
v S TE B R ¥ B

N | W

Also, with the same conditions, prove or disprove that:

a L b L c 3
(a+3)°  (b+3)° (c+3)> 16

2. 5+ 2 5+ 2 5<3
o [ 2% _
ad+1 b+ 1 +1) —

101. For a,b,c > 0, prove the following inequality:

1 n 1 n 1 +i> 12
a+b b+4+c c+a abec — ab+bc+ca

IN

102. For a, b, c € [1,2], prove that:

a b ¢ a ¢ b
2{-+-+—-)2>2—-+-+-+3
b ¢ a c b a
103. For a,b,c > 0, prove the following inequality:

a? N b? N c? - 3V3 (a2 + b2 + c2)
b3 +2abc ¢+ 2abc a3+ 2abc (a+b+c)

104. For a,b,c > 0 satisfying ab + bc + ca = 2, prove that
Va2 +02+ 2 +2> a2+ + bV + a2+ cv/a? + b2

105. For a,b,c > 0, prove that

a?+b? VP +c? 2 +a? at+b+ec
(a+b)?  (b+c)® (c+a) 3(a2+ 0%+ 2)

5
> =
-2

12



106.

107.

108.

109.

110.

111.

112.

113.

114.

For a,b,c > 0, prove that

oo ilarari
b+c c+a

3

For a,b,¢ > 0, ab + bc + ca = 1; find P,,;, where

1

1

1

1 9 9
>7 9
axb > w(\/ab—l— Vbe + \/ca)

P =

For a,b,c > 0, ab + bc + ca > 11; find P,,;, where

P:\/a2+3+g b2+3+§\/c2+3

+ +
Va2 —ab+12 VB2 —bc+c2 Ve —ca+a?

Let a, b, c be positive reals satisfying ab + bc 4+ ca = 3, Prove that:

1

a?b3 + b2c3 + c2a3 + 3a? — 2ab + b2 + 362 — 2bc + 2 + 3¢ — 2ca + a?

1

1

1

1

1

For a,b,c > 0, prove that we always have:

a’® +b% + 2
o 7 %
ab + be + ca

a3b + b3c + c3a 47

> .
\/aQb2 +0b2c2 +c2g2 — 4

\/a2—|—b2+02
° +
ab + be + ca

a,b,c > 0;a+ b+ c =3, Prove that:

1

1

1

> V3

+ +
V2aZ+1 V22 +1 V22 +1

a,b,c > 0;ab+ bc+ ca = 1. Show that

\/a2b+b20—|—02a+ \/ab2+b02+ca2+3\/ab022

a,b,c > 0;ab+ bc + ca = 3. Show that

(a+62) (b+02) (c+a2) >8

Prove that for all positive real numbers a, b, ¢ we have:

{
{

a
b+c

a
b+c

X
)

b
c+a
b
cta

X
i

c

a+b

c
a+b

13

9
> 2
-2

3 (a3b+ b3c+ c3a)
>1 3.
\/a2b2 +b2¢? + c2a® ~ V3

3 abc >1 a’? +b> 4 c?
> Jr(a—l—b)(b—i—c)(c—i—a)_2'<0Lb—i—bc—|—caz
8 Sabc a?+ b+
> +(a+b)(b+c)(c—|—a)*ab—|—bc+ca

y



115. a,b,c > 0; prove that

2(a2+b2+c2 o a2+b2 b2+C2 62—‘1-(12
(ab+bc+ca)® ~ (a2 4ab+b2)° (B2 +bc+ )’ (2 +ca+a?)’

116. a,b,c > 0; prove that

4
a+b b+c c+a ab+bc+ca\®
+ sz()
Va2 +ab+2 VB2 +be+c2 VR +ca+a? a? + b2 + 2

117. a,b,c > 0; prove that

@, bie, 9 abe 15
b ¢ a 4 a3+b3+c3 7 4

118. For z,y,z > 0, prove that we always have :
2,2, .2 2 2 2
32xyz(m+y+z)(az +y +z +my+xz+yz)§9(:v+y) (x+2)" (y+2)

119. a,b,c > 0. Prove that:

11 31 b3 1 3
g(a—&—b—i—c) 28\/3abc+3\3/%

120. a,b,c > 0 satisfy a + b+ ¢ = 3, prove that:

a L b n c > 1
VAb+ 42 +1  Vidc+4a®2+1 Vida+ 402 +1

121. a+b+c=3;a,b,c > 0. Show that:

6
ab+bec+ca —

Va+ Vb4 e+

122. ab+ bc+ ca = 3;a,b,c > 0. Prove that

Va2 +a+ V2 +b+ V2 +c>3V2

123. a,b,c > 0;abc = 1, show that, for £ = 10,11 we have

3113 1 3
a+b+c23{“/%;

124. Let a,b,c > 0 satisfy a + b+ ¢ = 3. Prove that

Va2 + ab+be+ Vb2 + be+ ca+ ¥/ + ca+ ab > V3 (ab+ be + ca)

14



125. Given a,b,c > 0, Prove that:

1 1 1 9
+ - <
(3a+2b+¢)®  (3b+2c+a)®  (3c+2a+b)* ~ 4(ab+be+ ca)

126. Let a,b,c > 0. Prove that:

V3 (ab + ac + be) Vabe
N

127. Given a,b,c > 0 and abc = 1, Prove that

a?+ b2+ 2+

> 2 (ab+ be + ca)

81 (1+a%) (1+0%) (1+c*) <8(a+b+c)

128. Given a,b,c > 0 and a 4+ b+ ¢ = 2, Prove that:

vVaZ+6ab+ b2 V2 +6bc+ 2 V2 + 6ca+ a? 1
+ + >
a+b b+c c+a V2

129. Given a,b,c > 0, Prove that

14—14—}4— 3 + 3 + 3
a b ¢ 2a+b 2b+c¢ 2c+a

>2V/3 = + ! + !
- Va(a+2b)  /b(b+2c) +/e(e+2a)

130. For a,b,c > 0, we have:

(a—&-b)2 (b+c)2 (c—i—a)2
> /3(a2 + b2 2
a+b+2¢c b+c+2a cH+a+2b (a2 + 6%+ %)

131. For a,b,c > 0;ab + bc + ca = 3, prove that:

a’?+bc+4ab  b>+ca+4bc 2+ ab+ 4ca > 9
a+ 8b b+ 8¢ c+ 8a

132. Given a, b, ¢ are three real numbers satisfying a 4+ b + ¢ = 3, Prove that:

a2+ b2 24 c2a? 2+ a?b?
b—0c®  (c—a)® (a—b)* ~

133. Given a,b,c > 0, prove that:
ijad 4+ b3+ ¢3 4 a b c
\| ————— > 23
abc =23 a—|—2b—|—3c+b—|—26+3a+c—|—2a—|—3b

15




134. Given a,b,c > 0, show that:

1 1 1 8 (ab + be + ca) 11
2+ 2+ 2 1 =
(@+b)” (b+c)” (c+a) (a+b+c) 4 (ab+ be + ca)

135. Given a,b,c > 0, prove that:

) 3 3 3
cel)+l)c+cazg_<,/2(a + b3 + ¢3) + abe
c a b 7

8
136. Let a,b,c > 0. Prove that the following holds good for k = 3" Also, find
the best constant k such that

a b ¢ ab + be + ca
-+ -+ -4k —>k+3.
b+c+a+ a?+b24c2 — +

137. Let a,b,c > 0. Prove that

a® ¥ 2 6(a*+b*+c?) —3(ab+ bc+ ca)
—F+—+—=2
b c a a+b+c

138. Given a,b,c > 0, show that:

2 2 2 4 4 4
AN P S (il
b c a a? + b2 +c2

139. a,b,c > 0; prove that

a b c 3
+ + >
VB2 +ab+9c2 V2 +bc+92 Va4 ca+92 V11

179, For a,b, ¢ > 0 such that a + b+ ¢ = 3, prove the following inequality:

L 1ra’ (140 (140 (1+e’  (1+0°(1+a)

> 24
1+c? 1+a? * 1+02 -
(b+¢)°+32  (c+a)+32 (a+b)5+32> 06
[ ]
a®+1 b +1 A+1 -

140. For a,b,c > 0, prove the following inequality:

(a+b)(b+c)(c+a) S (a® +b?) (b* + ¢2) (* + a?)
8abc ~ (a4 be) (b2 + ca) (2 + ab)

141. For a,b,c > 0 such that ab + bc + ca = 3, prove the following inequality:

(a+2b) (b+2¢)(c+2a) > 8

16



142. For a,b,c > 0, prove the following inequality:

341343
91 4 & +b°+c Z8(a(—|—b—i—c)
abe vabe

For a,b,c > 0, prove the following inequality:

143.

93 4 (a+b+c)(a®+ b+ c?) > 14(a3+b+c)
abc Vabe

144. For a,b,c > 0 and k > 3, prove the following inequality:
(a+b+c)(a2+b2+c2) 4k(@+W+w>
12k -9+ > .
abe Vabe
145. For a,b,c > 0, prove the following inequality:
Va2 + 3be n Vb% + 3ca n V2 + 3ab 1
(b+c)(a+8b) (c+a)(b+8c)

(a+b)(c+8a) “a+b+c

146. For a,b,c > 0 satisfying ab + bc + ca = 3, prove the following:

e Va2 +a+ V2 +b+ V2 +c>3V2
o V/5a3+3a+ /503 +3b+ /53 + 3¢ > 6
For a,b,c > 0, prove the following inequality:

Vab vbhe . ea

ab+c2  be+ a?

147.

- 9(a3+b3+03)
ca+b® = 2(a+b+c)

148. Given a,b,c > 0, Prove that:

2 2 2 3 3 3
RS- S Kl i s Sy -
b c a abc

149. Given a, b, c > 0, Prove that:
a b ¢ sjad +b3+¢3
-4+ -+-2>34—
b + c + a ~ 3abc
150. Given a,b,c > 0. Prove that:
{/a2 + dbe + /b2 + dca + ¥/ + dab > /45 (ab + be + ca)
151. For positives a, b, ¢, prove that
16abc — 3a®  16abc — 3b>  16abc — 3¢3
6abc ?;a 6abc ?; n 6abc 20 > 21 (a+b+c)
(b—c) (c—a) (a—0)

17



152.

153.

154.

155.

156.

157.

158.

159.

160.

For positives a, b, ¢, prove that

abe <(a+b)(a+b+2c)
(@a+d)(b+c)(ct+a) =  (3a+3b+2¢)°

1
< —
-8
In AABC show that
A\ 2 B\ 2 c\ 2 . . .
cos 5 N cos 5 n cos 3 +§ sinA+sinB +sinC >g
tan A tan B tan C' 4’ tanA+tan B+tanC — 8

a,b,c > 0;a+ 2b+ 3c = 4. Prove that:

(azb +b%c+ Pa + abc) (ab2 +bc? + ca® + abc) <8
For positives a, b, ¢ such that ab + bc + ca > 11; prove that

7 V9 23
Va2 +3+ ——= V0 +3+ — -V +3> —=
5v/14 5 T 5V2

Let a, b, ¢ be three real numbers satisfying a + b + ¢ = 3. Prove that

a+b b+c c+a <3
362 +02+c2+3 32 +c2+a?+3  3c2+a2+b24+3 " 4

Let a, b, c be three real numbers satisfyinga + b + ¢ = 3. Prove that

a? — be 2 b? — ca 2 2 —ab 2
+ + > 18
b—c c—a a—2>b

Let a, b, c be real numbers. Prove that

4 N A . A
(c=a)®  (a—b)’

a

(b—c)?

> 2 (ab+ be + ca)

Let a, b, c be three real numbers. Prove that

4 ab
a—2>b

b% + ca
c—a

a? + be
b—c

> /3@ + b2+ c32)

Given a, b, c > 0, Find Minimum of the following expression.
b+c Veta a+b

3

22

Where m = 2 and n =
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161. Let a,b, c be positive real numbers. Prove that:
2b+ ¢ a 2c+a b
>3
2a+b V3

2a 4+ b c L .
a+2b\V2b+¢c b+2c\ 2¢c+a c+2a

3
Vn

162. Let a,b, ¢ be positive real numbers and n € N. Prove that

a . b e
T\L/ a+(n—1)b+ \/ b+(n—1)c+ Ve+r(n—1)a =

163. Let a, b, c be three nonnegative real numbers satisfyinga + b+ ¢ = 1 Prove

108
_ < 7
2abc < 3195

that:
(a2 + ab+ bc) (b2 + be + ca) (02 + ca + ab)

164. Let a,b, ¢ be positive real numbers. Prove that:
2 2
b 3 L c 3 < 3
dc+5a+3b) ~ 123

a 3
- _|_ -
<4a+5b+36> <4b+5c+3a
165. Let a,b, c be three positive real numbers. Prove that:

a b c 3
+ + <\i/=
a+2b+ 3c b+ 2c+ 3a c+ 2a+ 3b 2

166. Let a,b, c be positive real numbers. Prove that:
alb+c) b(c+a) c(a+bd) ab be ca
3>4
b2 + c2 JrcQ—i-aQJFaQ—i—b2Jr - ab+02+bc+a2+ca+b2
167. Let a,b, c be positive real numbers. Prove that:
1 n 1 n 1 S 2 L a+b+c
a+vVa2+302 b+ +32 c+VeE+3a2 T at+bte 3(a?+b%+c?)
168. Let a,b, c be positive real numbers. Prove that:
2 2 2
a 5 n b 5 L c 5 < 3
13a + 17b 13b+ 17c 13¢+17a) ~ 30%
169. Let a,b, c be nonnegative real numbers. Prove that:
LR S S (a+b+c)
2a% +bc  2a%+bc  2a%+be T 2(a?b? +b%c? 4 c2a?) + abc(a+ b+ )

19



170. Let a,b, c be positive real numbers. Prove that:

2 (ab3 + b3 + ca3)
a+b+ec

V(a2 402 + ¢2) (ab® + be3 + ca3) > abe +

171. Let a,b, c be positive real numbers. Prove that:

ab® + be? + ca? - 4.3/(a® + ab + be) (b2 + be + ca) (¢2 + ca + ab)

(ab+bc+ca) (a+b+c) ~ (a+b+c)

172. Let a,b, c be positive real numbers. Prove that:

(a+b+¢)’ < (a® + ab+ be) (b* + be + ca) (2 + ca + ab)
8abc - (a? 4 be) (b2 + ca) (c® + ab)

173. Let a, b, ¢ be real numbers in [1, 3] satisfying a + b+ ¢ = 6. Prove that:
24 < a® +b* + ¢ < 36.
174. Let a,b, ¢,d be nonnegative numbers satisfying a + b + ¢+ d = 4. Prove
that:

b b d d Vabed
a n c +_° n o Vabe <1
c+d+4 d4+a+4 a+b+4 b+c+4 3

175. Given a, b, ¢, d be the real nonnegative numbers satisfying a+b+c+d = 3.
Prove that:

ab . be n cd n da <}
3b+c+d+3 3c+d4+a+3 3d+a+b+3 3a+b+c+3 7 3

176. Let a, b, ¢, d be the nonnegative numbers satisfying a+b+c+d = 4. Prove
that:

a b
\/a2 + 3b% + 52 + 7d? * \/b2 + 3¢? + 5d? + 7a?

c d
<1
* \/c2 + 3d? + 5a? + 7b? * \/d2 +3a% + 52+ 7c2
177. Let a,b, ¢ be nonnegative numbers. Prove that:

a b c 28 (ab + bc + ca) 11
7 T 7 + 7 + 5 2
(b+c) (c+a) (a+b) (a+b+c) a+b+c

178. Let a, b, ¢ be real numbes satisfying a + b + ¢ = 3. Prove that:

(a+b)* (b+0)’ (cta)® _,
da+02+c2  4b+c2+a?  4dct+a?+02 T

20



179.

180.

181.

182.

183.

184.

185.

186.

187.

188.

Given A, B, C are three sides of a triangle. Find Minimum:

A B C
P =2(sinA+sin B +sinC) +cot§ +cot§ —|—cot§

Let a, b, ¢ be positive real numbers satisfying a + b + ¢ = 3. Prove that:

1
ab+bc+ca+ — >3+ abe
abe

Let a, b, ¢ be real numbers satisfying a? +b%+¢? = 2 (ab + bc + ca). Prove
that:
la — b [b— ¢ lc — al

V2ab+ 2 V2be+a?2  V2ea+ 02 T

Let a, b, ¢ be positive real numbers satisfying a?b+b*c+c?a = 3and k > 7.

Prove that:
1 1 1 3

<
a3+k+b3+k+c3+k*k+1

Given a, b, c are three real numbers satisfying a + b + ¢ = 3; Prove that:

a® + b2 B’ +c2a® A+ ad??

b=¢®  (c-a (a-b)*

Given a,b,c,k > 0 and a + b + ¢ = 3. Prove that:

a . b n c > 3
VEb+c2  Vke+a2 Vka+b2  VE+1

Given a, b, ¢ are three reals; Prove that:

a 2+ b 2+ ¢ 2>l+3(ab+bc+ca)
b—c c—a a—b) T2 a? + b2+ c2

Given a, b, ¢ are three reals such that a? + b + ¢ = 3; Prove that:

2(b%c% — a?)(c2a® — b?)(a*b* — ) 4 64a*b*c® > (be —a)?(ca — b)?(ab — c)?
Given a,b,c > 0 and a + b+ ¢ = 3. Prove that
oll (\4/5+ b+ ﬁ) 43> 12(ab + be + ca)
.5(\/6+\/5+\/E) > 4(ab + be + ca) + 3
o Ja+ Vb+ &/c> ab+be+ ca.

Given a,b,c > 0. Prove that

a+b+c+ 2(a +b+c)?
Fabe 27(a2b? + b2c2 + c2a2) —
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189. Let a,b,c > 0. Prove that:

2 (a+b+c)? S alb+c¢) blec+a) cla+D)
3vV3 abc ~ a?2+42bc  b%2+2ca 4+ 2ab

190. Let a,b, c be positive real numbers. Prove that:

a+b b+c c+a 27(ab® + be? + ca? + 3abe)

a?4+bc+c? VP+ceca+a®> A+ab+b T (a+b+c)t
191. Let a,b, ¢ be positive real numbers. Prove that:

</(a+b)(b+c)(c+a)24 a? N b? N 2
abce 3\a2+bc b2+ca cZ4ab

192. Given a,b,c > 0 and ab+ bc+ ca = 1 . Prove that:

(a® 4 2bc) (b + 2ac)(c* + 2ab) > \/1 + 36a2b2¢2[(a — b)(b — ¢)(c — a)]”

193. Let a,b, ¢ be nonnegative numbers. Prove that:

a(bc + ca — 2ab)  b(ca+ ab—2bc)  c(ab+ be — 2ca)

(201 b)2 @b+ 0)? Geraz =V

Equality occurs when a = b= c or (a,b,c) = (0,1,2) and its cyclics.

194. Let a,b, ¢ be three real numbers and k& € R. Prove that:

a 2+ b 2+ c 2>£
4a — 3b—c 4b—3c—a 4c—3a—0b — 169

The general problem:

(i) (i)
i <2kc‘(";+1§a—(k—1)b> = m

195. Let a,b, ¢ be nonnegative numbers. Prove that:

3 N abc(a?008 4 2008 1 (2008) -3 (a+b)(b+c)(c+a)
2 " (@ + b+ ) (a0 ¢ p2010 | 2010) = (@tb+c)p

196. Let a,b, ¢ be three real numbers saitsfy a + b + ¢ = 3. Prove that:

1 1 1
3a2+4b2+562+6+3b2+402+5a2+6+302+4a2+5bz+6

1
< Z
6
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197.

198.

199.

200.

Let a, b, c be three real numbers. Prove that:

a+b . b+ec n c+a
202 +3b2 +3c24+8  2024+3c2+3a2+8  2c243a2+3b%2+8

3
< Z
-8

Let a, b, ¢ be positive numbers. Prove that:

\/a(a2+ab+bc)+\/b(b2+bc+6a)+\/0(02+Ca+ab) §§m
a+b b+c c+a 2

Let a, b, c be nonnegative numbers. Prove that:

a(b? +ca) b(c* +ab) c(a®+ be) < 3 (2a 4+ 5b)(2b+ 5¢)(2¢ + ba) — 28abe

(2a4+0)?>  (2b+¢)?  (2¢+a)? ~ 160 (a+b+c)?

Let a, b, ¢ be real numbers satisfying a 4+ b + ¢ = 3. Prove that:

la + b [b+ ¢ lc+ al 1
da+b2+c2 4b+c2+a?  de+a+b2 T
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Solutions To Selected Problems

. For positive reals a,b, c prove that:
(a+b+¢)®>6vV3(a—b)(b—c)(c—a)

Solution
Without any loss of generality, assume ¢ > b > a. Then we have

(a—=b)(b—c)(c—a)=(c—a)(b—a)(c—0b) < bc(c—b);
And it suffices to prove that
(b+¢)® > 6V3be(c —b).

Now, using a simple balancing method we can find out that AM-GM in
the following manner proves it easily,

2bc(c—b) = (\/§—|— 1) b- (\/g— 1) c-(c=b) < {\/3([;;- c)}3 = (b3_|\_/§)3.

Equality occurs if and only if (a,b,¢) = (0, kE(V3—1), k(3 — 1)) and
its cyclic permutations. U

. For a,b,c >0 and k € R find the best constant that satisfies
(a+b+c)® >k(a®>+b*+c*)(a—b)(b—c)(c—a)

Solution

Letting ¢ = v/5+ 1,b = v/5 — 1,¢ = 0; we obtain k& = 10v/5. So it is
sufficient to check the given inequality for k = 10v/5.

Assume WLOG that ¢ > b > a.

Note that;
(a+0b+c)? _3_ (@a—0)2+(b—c)*+(c—a)? >3_b2—i—c2—|—(b—c)2
a2 + b2 + ¢2 aZ + b2 + 2 = b2 + (2
b+
=

So that it is enough to show that
(b4 ¢)® > 10V5(c — b)be(b? + ¢2).

Note that we have, be(b? + ¢) = § ((c+b)* — (¢ — b)*) ; so that we may
rephrase the last inequality into

4
521052/5.

(b+c) (c—0b) ((c+b)4—(c—b)4).
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Due to homogeneity of this inequality, assume c¢+b = 2v/5, and ¢ —b = 2t,
where ¢t > 0. Then our last inequality simplifies as

4> t(5 —th).
Note that using the AM-GM inequality, we have
(5 —tY) <8 —4t) =4t(2—1) < (t+2—t)* = 4.

Hence we are done. Equality holds iff (a, b, ¢) ~ ((\4/5 +1), ({1/5 -1) 70)
and its relevant permutations. O

. For nonnegative reals a,b, ¢, find the best k satisfying
(a+b4c)® > k(ab+ be + ac)(a — b) (b — c)(c — a)
Solution

Again, WLOG assume that ¢ > b > a. Putting a = 0,b =
V41
2

. we obtain k = 25v/5. So we have to prove that

(a+b+c)® > 25v5(ab + be + ca)(b — a)(c — b)(c — a).
Note that
(ab + be + ca)(be — ca)(be — ab) < %(ab + be 4+ ca + be — ca + be — ab)?
— b33,
So that we get
(ab 4+ be + ca)(c — a)(b —a) < b*c?.
Hence it is sufficient to check that
(a+b+c)® > 25VE022(c — b).

Note that, from the AM-GM inequality, we have

(S () oo

) (b(\/5+1)+c(\/51)+(cb)>5

5
_(b+c)5<(a+b+c)5
25v5 T 255
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-1 1
Equality holds if and only if a = 0,b = \/52 k,c= \/52—'_ k, (where k
is a positive constant) and its relevant permutations. O

. For nonnegative a, b, ¢, find the best k£ such that
(a®> + >+ )3 > k(a—b)2(b—c)*(c —a)?

Solution

Let us assume without loss of generality that ¢ > b > a. Letting a = 0,0 =
VB —1,¢c = 5+ 1; we get k = 27. Hence it is sufficient to check the
inequality for k = 27.

However, note that we have (a — b)(b — ¢)(¢c — a) < be(c — b); and it is
enough to check that

a? + b2 4 2 > 3/ (b2 — 2bc + 2)(be) (be);

Which is obvious from the AM-GM inequality. Equality holds in the o-
riginal inequality iff (a,b,c) ~ (0, VE—1,V5+ 1) and all its symmetric
permutations. O

. For nonnegative reals a, b, c prove that

ab be ca 1 4abc
ato? © +

Gt?  eral 1t @it ta)

Solution
We can rewrite this inequality into;

(b—c)?  (c—a)?  (a—0b)? _ 2a(b—c)® +2b(c —a)? 4 2c¢(a —b)?

(a+b)(b+c)(c+ a) '

>

(a= b2 - c—af _
(a+b)20b+c)(c+a)? =7
Which is perfectly true. Equality holds iff a = b = c. O
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6. For a,b,c > 0 satisfying a® + %> + ¢> = 6 Find P,,;,, where

a 2b b5
P=—
be + + ab
Solution
[a2 102 + 2 26 5 b
Note that -P = G g—&-*—i-*c . Now, letl“:*cvy:
6 bc  ca ab a

ca ab
3 z = - so that zy + yz + 2z = a® 4+ b? + ¢2, and due to homogeneity

we can assume zy + yz + zx = 1. Then it is enough to find the minimum

Nk

1 2

value of the expression P = — < —
x Yy

1

x’

1
Now, note that replacing z,y,z with —, —, —, we have to minimize, for
Y
Yz =r+y+ 2,
\/6P:$+2y+7( Zi)
However, note that
2 5 2xy-—-1 S5(x + 5
VEp=gt 242y dov=)  Slavy) 5
r x T zy —1 x
7 2xy—1 1
SR CRS I CR)
7 10(zy — 1)(22 + 1
Ty [10Gy e
x z?(zy — 1)

7 1

x X

7 1
ZI++2(3+)

x x

9
=z+—+62>12

X

9 / 9
Where the last step follows from x —|— —>2 Z = 6. Hence P > 21/6.
Equality holds if and only if a = v/2, b =V3,c= 1 O

7. For nonnegative reals a,b,c Prove that:

(a+b)*(a+c)®  (b+c)(a+b)? (b+e)*(c+a)?

(02 — c2)2 (@ — a2)? @—p2)2 = 2
SO We4a)  (b+dath) b+t
Let z = (b—i—c)(b—c)’y - (c—l—a)(c—a)’z - (a+b)(a—10) Then we



observe that

(a+0b)%(b+c)(c+a) :Z (a+0b)?
b+c)(c+a)b—c)(c—a) - (b—c)(c—a)
(a—0b)(b—c)(c—a)
(a—=0)(b—c)(c—a)
=—1.

;vy+yz+zx:Z(

cyc

And therefore,

(x+y+2)?2>0 = 22 +9°+22 > 2y +yz+22) =2

We are done. O
Solution 2
Note that ) ) .
Z(a+b) (a+c) ZZ a ;
(b2 — )2 (b2 — )2
cyc cyc
But )
a* a?
— — 2= — ] >0.
;(beCQ)Q (Z b202) =

For positive reals a, b, c prove that

a L b n c +E ab + be + ca
b+c c+a a+b 5 aZ+b%+c?

18
> 2
-5

Solution
Due to homogeneity assume that a+b+c = 1. Letting ¢ = ab+bc+ca,r =
abc, the original inequality can be found to be equivalent to with
1—2q+3r 16q S 18
q—r 5(1—-2q) = 5°

Note that r > 0 can help us in rephrasing this as (4¢g — 1)(18¢ — 5) > 0.

1
When ¢ < 7 this holds good. Hence it is sufficient to check the case of
S 1
q = 1

In this case, however, using the Schur’s inequality of third degree, we have
4q—1
>

r> , so that it is enough to check that
1—2q+3~4qT*1+ 16 _ 18
q— d=t 5(1—2q) — 5’

9
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Which factorises into (20g — 3)(4¢ — 1) > 0, which is perfectly true due to
1

our assumption q > 1

Equality holds in the original inequality if and only if @ = b = ¢ or
a=bc=0. O

9. For positive a, b, c; show that :

(a® 4+ be)(b? + ca)(c® +ab) (a—b)(a—c) (b—c)(b—a) (c—a)(lc—1D)

>1
(a® + 02) (12 + ) (2 + a2) b2+ 2 2+ a? 2+ =
Solution
Note that
(a® 4 be)(b? + ca)(c® + ab) — (a* + b*)(b* + c2)(c* + a?)
= Z (b3c® + abe - a® — a*(b* + ¢?))
cyc
1
=3 Z (2b°¢* 4 2abe - a® — a* (b* + %) — b*P(b* + 7))
cyc
Loa 202 2
= (@ )b - o)
So that it is sufficient to check that
> (@ + ) (¢ +a®)(a—b)(a—c) z% > (0t + 0% (b - o)
cyc cyc
= Z (b* +c* +a®(b* + ¢*)) (a—b)(a — ¢);
cyc

Which can be rephrased as

Z(a4+b202 -t —04) (a—"b)(a—c)>0;

cyc
Or,
Z(a +b)(a+c)(a—c)*(a—b)*>0.
cyc
Equality holds if and only if a = b = c. O

10. For positive reals a,b, ¢ prove that:

ab+ bc + ca 16abc
a?+b2+c2 7 (a+b)(b+c)(c+a)
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11.

12.

Solution
Rewrite the given problem into,

ab+bc+ca_ > 9 8abc 4.
a2 +b% + 2 T \(a+b)(b+c)c+a) ’

Which can be rephrased as

(b—c)? 5 a(b — c)? )
772a2+b2+02 = Z(a+b)(b+c)(c+a)’

cyc

Which can be rephrased as

4a 1
2_(b=c)’ ((a+b)(b+c)(c+a) - a2+62—|—c2> =0

cyc

Note that this is obvious from SOS. Equality holds if and only if a = b = c.
O

For nonnegative a, b, ¢ prove that :
(@®+ >+ —=1)2>2(a®b+ b3c+ Ba—1)

Solution
Using the famous inequality of Vasc, it is sufficient to check that

2
(@>+02+c—1)" > > 3(a PV 4P -2
Which, after letting = = a? + b + ¢2, reduces to

32 -2z +1)>222 —6; < (z—3)>>0.

Equality holds if and only if a = b =c = 1. O

Let a,b,c > 0 satisfy a + b+ ¢ = 2. Prove that we have;

o (Var + Vi) (VB + V) (Ve + Va?) < 2;
. (a + b2) (b2 +02) (02 +a2) <2
o(@+¢b7)<¢b?+¢c?) (Jc?+\/$)§2;
o (a®+b%) (b® + %) (¢ +a®) <2
(a®>+0%) (b + ) (P +a®) <(a+b)(b+c)(c+a).
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Solution

PART (a) : (\/a»?’—i—\/l?) (\/bT”—s—\/cT”) (\/073—#\/@»3)32

After using the Cauchy-Schwarz inequality, we have to show that
(a+b)(b+c)(c+ a)(a® +b?)(b* + ) (c® + a?) < 4.

Without loss of generality, assume that ¢ = min{a, b, ¢}. With this as-
sumption, we have

P+ <b+be=bb+c), +ad®><cata®=ala+c).
Therefore, it suffices to prove that
ab(a® + b*)(a + b)(a + ¢)*(b+ ¢)* < 4.

Now, by the AM-GM inequality, we obtain

2 2\72 4
ab(a2+52):%'2ab-(a2+b2)g%. {2ab+(g +b)} _ (agb) .

Thus, to complete the proof, we must prove that
(a+b)°(a+c)*(b+c)* < 32.

However, this is true according to the AM-GM inequality

1
(a4 (@+P(b+0) = 15 (a+8)° - [2a o)) 20+
_ 1[5 latb)+2-2atc)+2-2(b+c) ’
— 16 9
9 9
i 9a + 9b + 8¢ Si 9a + 9b + 9c¢ _ 39
16 9 16 9
We are done. O

PART (b) : | (a®+b?) (0*+¢%) (* +a®) <2

Without loss of generality, assume ¢ = min{a, b, ¢}. Then, we note that
(b + ) (A +a?) <bb+c)-alc+a) = ab(b+c)(c+ a).
So, it is sufficient to check that

ab(b+c)(c+a)(a® +b*) < 2.
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Note that

[2a(b 2b 24 p27°
dab(b + o) (¢ + a)(a? + 1?) < | 2T+ (2”)” + }
< [2bc + (a + b+ )2 ]°
= 3
_ 30+ +(atbte? 3
= 3
<3.
So, we are done. O

PART (c) : (\/EJF\/I)?) (\/175+\/c7>) (Jc?+¢a?>§2

Note that )
(\/a?—k JF) < (a®+0?) (® +1%);
So we will be done if part (d) also holds good. O

PART (d) : (a3 + b3) (b3 + 03) (03 + a3) <2

Again let us assume that ¢ = min{a, b, c}. Note that we have

(a® + %) (b® + %) (¢ +a®) = (a+b)(b+ c)(c+a)H(a2 —ab+b%).

cyc

From our assumption, we have (b* — bc + ¢?)(c* — ca + a*) < a?b®. Thus,
it suffices to check that

a®b*(a +b)(b+ c)(c+ a)(a® — ab + b?) < 2
But, from the AM-GM inequality, we obtain

a’b*(a +b)(b+c)(c+ a)(a® — ab+b*) = (a +b) - (ab)*(c* + ab + be + ac)(a® — ab + b?)

4

a®? 4+ b% 4+ +2ab+be+ ca 4
4
(a+b+c)? *
4

<(a+0) [2ab+02+ab+bc+ac+a2ab+b2r

=(a+b)[

<(a+b+c)-[
=2.

Hence we are done. O
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PART (e) : | (a® 4+ 0%) (B> + %) (¢® +a®) < (a+b) (b+c)(c+a).

It is obvious enough that we may to assume ¢ = min{a,b,c}. So, we
get (b* + c?)(c? + a*) < ab(b+ ¢)(c + a). Hence it is enough to check that

ab(a® +b?) < a +b;

Which is perfectly true, since, according to the AM-GM inequality we
obtain

ab(a® +b*) = < - 4(2ab)(a* + b*) <

| —
| =

(a® 4 b* 4 2ab)? < (a + b) (

We are done. (]
In all the inequalities from (a) to (e), equality occurs if and only if (a, b, ¢) =
(1,1,0) and its cyclic permutations. O
. a,b,c > 0. Prove that

(a® + 5be) (b* + 5ca) (¢ + Bab) > 27abe(a + b)(b+ ¢)(c + a)

Solution
After expanding, we see that it is enough to check

5 Z a®b® + 25 Z a*be + 72a%*c? > 27abcz a?(b+c)

cyc cyc cyc

Using Schur’s inequality of third degree,

5 Z (a®V? + 3a?b*c?) > 5abcz a?(b+ c);

cyc cyc

Hence it suffices to prove that;
25 Z a*be + 57abe > 22abc Z a2(b +¢).
But this is also obvious due to Schur of the third degree and AM-GM:
25 Z a*be + 57abe > 22abc(z a® + 3abc) > 22abcz a?(b+c).

Hence we are done. O
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14. Let a,b,c > 0. Prove that:
(2a* + 7bc)(2b* + Tca)(2¢* + Tab) > 27(ab + be + ca)?

Solution
After expanding, we have to show that

> dh* +98) " a'be + 189a’b?c? > 8labe Y a’(b + c).

cyc cyc cyc

We may rewrite the inequality into

(Z a®b® + 3a%b? — abcz a®(b+ c)) + abc (98 Z a® + 186abc — 80 Z a*(b+ c)) >

cyc cyc cyc cyc
(Z a*b® + 3ab* — abcz a*(b+ c)> + 80abe <Z a® + 3abc — Z a’(b+ c)) ;
cyc cyc cyc cyc
Which is perfectly true using the AM-GM inequality. O

15. a,b,c > 0 are the sides of a triangle. Prove that
a® + b3 + ¢ + 9abe < 2[ab(a + b) + be(b + ¢) + calc + a)]

Solution
Rewrite this into

S:Z(b—i—c—a)(a—b)(a—c)zo.

cyc

Assume without loss of generality that a > b > ¢, so that we have
a+b—c>c+a—b>b+c—a>0. Again, usinga—c > a—b > 0, we get

S > (b+c—a)(a—b)(a—c)+(b—c)[(a—c)(a+b—c)—(a—Db)(a+c—b)] > 0.
O

16. Let a,b,c > 0. Show that:

a® b2 c?
2a% + (b+c—a)? * 2b2 + (c+ a — b)? * 2¢2 + (a+b—c¢)? =1
Solution
Let us rewrite the given inequality into
(b+c—a)? (c+a—b)? (a+b—c)?

262+ (b+c—a)? 2024 (c+a—-0)2 22+ (a+b—c)?
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Note that using the Cauchy-Schwarz inequality, we have

Z (b+c—a)* < S (b+c—a)? .
p” 202(b+c—a)2+(b+c—a)t) Y (b+c—a)*+2> a2(b+c—a)?’
So that it is enough to prove that:

Y (b+c—a) .-
Yb+c—a)i+25a?(b+c—a)? =

Which equivalents

4Za4+42a2b02 4Zag(b—|—c)

cyc cyc cyc

Which is nothing other than the Schur’s inequality of fourth degree. [

. Let a,b,c > 0 Show that:

3a%2+5ab 32 +5bc 3¢ + 5ea
>6
(b+¢c)? (ct+a)* = (a+b)? —

Solution
Let us rewrite this inequality into

ala+b) ab
3y b1 o +2Zm26

cyc cyc

1 1 1
Note that the sequences {bc, ca, ab}, and {(b+ T (o b)2}

are oppositely sorted, hence we get

ab ab+bc a(b+c)
P2 P T 2 P 2t B

cyc cyc

Now, observe that

~ala+b)  alb+c) AM;GM §/a3(a+b)2(b+c) 5. @

b+c? T (a+b? = b+ata+b)? " bte
Also,
a2 ab Rearrangement ca ab
>
Z(b+c)2+z(b+6)2 = Z(b+c)2+z(b+c)2
cye cyc cyc cyc




18.

19.

So, adding these two, we have to show that

a
4Zb+026;

cyc

Which is obvious from Nessbitt’s inequality. O

Let a,b,c > 0 satisfy a + b+ ¢ = 3. Prove that:
(a® 4+ 0> + c*)(ab+ be + ca)® < 3°

Solution
Using the AM-GM inequality,we have

(a® + b3 + ) + 8(ab + be + ca) ?
9

(a® 4+ b% 4+ ) (ab + be + ca)® <

Again, using the well-know inequality 8(a + b + ¢)(ab + be + ac) < 9(a +
b)(b+ c¢)(c+ a); we get

ab+bc+ca < %(a+b)(b+c)(c+a);

And
(a® +b° + ) +8(ab+betca) _ ((a® + 0%+ %) + 3(a+b)(b+c)(c +a) ?
9 - 9
=3%
Hence we are done. Equality holds iff a =b=c=1. O
a,b,c > 0 Show that
a? + b2 n c? n 10abe > 9
(b+c)?  (ct+a)* (a+b)?  (a+b)(b+c)(cta)
Solution
a b c
Let x = Y = , 2= . Then we have to show that
b+c ct+a a+b

2? +y? + 22 + 100yz > 2.

Firstly, we have the identity zy + yz + zx + 2zyz = 1. Secondly, using the
Schur’s inequality of third degree, we have

aty+z>3 9
22 4 9% + 2% + 6ayz + dayz > 2x2+y2+22+&+4xyz
r+y+z

> 2(xy +yz + zx) + dayz = 2.
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We are done. Equality holds iff a = b = c. (]

. For a,b,c > 0 such that a+b+c = 3, prove the following inequality:
(ab® + bc® + ca®)(ab + be + ca) < 16

Solution

Note that using the AM-GM inequality, we have:

(ab3 + b3 + ca?’)2
4

So that it is sufficient to check that

(ab + be + ca)® < o [ab® + be® + ca® + (ab + be + ca)?]”;

Sl

ab® 4 bc® 4 ca® + (ab+ be 4+ ca)* < —(a+b+c)*.

S

Note that,
ab® 4+ bc® 4 ca® + (ab+ be 4 ca)® = (a + b + ¢)(a®b + b2c + c2a + abe);
So that we have to show
a’b +b*c + *a+ abe < %(a—kb—&— )3

Which is a well-known inequality. Equality holds in the original inequality
if and only if (a,b,c) = (0, 1,2) or its cyclics. O

. a,b,c > 0 satisfy abc = 1. Prove that

a b c
- + >3
V242 Ve2+2a  VaZz+2b

Solution
Note that using the Holder’s inequality, we have

(Z Vﬁ) 3 a(®? +20) > (a+b+ )

cyc cyc

So that it is sufficient to check that

(a+b+c)? Z3Za(b2+2c);

cyc
Which can be rephrased as

a® +b® 4+ 4+ 3(a®b 4 b?c + c*a) + 6abe > 6(ab + be + ca);
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22.

23.

Which is perfectly true due to a perpetual use of the AM-GM inequality

as:
D WP +a’h)+2) a’b+6>2) ab®+2) a’b+6
cyc cye cyc cye
=2 (ab® +a’b+1)
cye
> 6(ab+ be + ca).
Equality holds iff a =b=c=1. O

For nonnegative a, b, ¢ satisfying ab + bc + ca = 3, prove that
3(a+b+c)+2(\/a+\/l§+\/6) > 15

Solution
Note that applying the AM-GM inequality, we have

2

3(a+b+c)+2(\/5+\/5+ﬁ) 25§/(a+b+c)3 (\/6+\/B+\/E)

Hence it is enough to check that

(a+b+c)? (\/5—&-\/13—1—\/5)2 > 3% = 27(ab + bc + ca)?.

Since the last inequality is homogeneous, we can, without loss of generality,
dump the previous condition ab+bc+ca = 3 and assume that a4+b+c = 3.
Then, our last inequality rewrites as

Va+ Vb4 /e > ab + be + ca;

Which is the well-known Russia 2002 inequality. In order to prove this we
9—a?—-b>—¢?

can note that ab + bc + ca = — and rewrite this as
> (a* +2Va) > 3a+ 3b + 3c¢;
cyc

Which is perfectly true due to the AM-GM inequality. Equality holds if
and only ifa=b=c=1. O

For nonnegative reals a,b, c prove that:

a? + b2 + 2

a? b? c? n §
4 ab+ bc+ ca

1
0+ (erar (arpE 2

>
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Solution
Multiplying bot sides with (a + b)(b + ¢)(c + a), we have to prove that

a*(a+b)at+ec) (a+b)(b+e)c+a) _ 5(a®+b*+c2)(a+b)(b+c)(c+a)
Z b+c * 2 2 4(ab 4+ bc + ca) '

cyc

This maybe rewritten as

a%(a—b)(a—c) 5(a? 4+ b% + ¢?) 3 3.3
i S AN 4 it S N VAT | > 2
Z b+c - abe 4(ab 4+ be + ca) + }+4Za - 4§ab(a+b)

cyc cyc

2 - _
Using the Vornicu-Schur inequality, we have ) W > 0.
cyc c

Also, from Schur’s inequality of third degree we have
Y- ab(a +b) < a®+ b® + ¢ + 3abe. So it suffices to check that

cyc
5 a? 40+
4 ab+bc+ ca

9
1> -
+ =

Which is obvious. Equality holds if and only if a =b=cora=0b,¢=0
and its cyclic permutations. O

24. For nonnegative a,b, c, show that
3(a* +b* +-ch) +T(a®V? + 022 4-c2a?) > 2(aPb+bPc+cPa)+8(ab® +bed +ca®)

Solution

In general, from the SOS technique of Can Vo Quoc Ba, we have the
following inequality for all a,b,c,m,n,p,g € R such that {m > 0} A
{3m(m +n) > p* + pg + ¢g°} :

mZa4+nZa2b2+pZa?’b+gZab3f(m+n+p+g)2a2bc2O.

cyc cyc cyc cyc
In this case, note that m = 3,n =7,p = —2,9 = —8 Which satisfy;
3m(m +n) =90 >4+ 16 + 64 = p* + pg + g°.

We are done. O

25. For a,b,c > 0, show that:

at b ct 3abc
(a+0b)4 + (b+c)t + (c+a)t * 2(a+b)(b+c)(c+a)

3
> 2
-8
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26.

Solution
We will show that the stronger inequality holds,
at b4 ct 2abc
i i i
@+v)t  Bror etal  (atrb)btoleta

>
— 16
. b c a
Let us substiute x = —,y = E,Z = — so that zyz = 1; and we have to
a c
show that
1 . 1 . 1 n 2
I+z)t A+y)? (1+2)? (Q+z)(1+y)(1+2)

Without loss of generality, let us assume that (1 —z)(1 —y) > 0 =
14 a2y > x + y. Therefore we get

>

7
16

(1+$)(1+y)§2(1+xy)—2(1+i> :@

Also, we have the following inequality:

1 1 1 zy(z —y)? + (1 — zy)?

(1+x)2+(1+y)2 Cdl+ay Q42204920 +ay) T

Using this in accordance with the Cauchy-Schwarz inequality, we obtain

(S S L1 A SRS
(1+2)4 A4+y* =2\ (1+2)2  (1+y?2) ~2\1+ay) 2(z+1)%
So, our last inequality may be rewritten into

22 n 1 n z
2(z+1)2  (z+1)*  (2+1)2

7
> .
— 16

b

Which is perfectly true, being equivalent to with

(z+3)%(z—1)?
BRSNS

Equality holds if and only if a = b = c. O

Let a,b,c > 0 satisfy a + b+ ¢ =3 Prove that:
i/a3+4 N </b3+4 N </c3+4 > 3
a?+4 b2 +4 2+4
Solution 1
Note that using the Holder’s inequality, we have

3
sjad +4 a>+4
> 27,
(; a2+4> Za3+4_ '

cyc
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27.

So that it is enough to check that

a>+4 b +4 c2+4<3
ad+4 b+4 A4+4- 7
But, note that

a?+4 1 (a —1)%(a? — 4a — 4)

N B A g
a3+ 4 s(1-a)

@+h@+a =0

So we obtain our desired result due to a +b+ ¢ = 3. O

Solution 2
Note that using the AM-GM inequality, we get

i/a3+4+§/b3+4+\3/03+4 > 39 (a® +4)(b% 4+ 4)(c® +4)
2+4 Veera Var1= @+ +4)(2+4)

So that it is enough to check that

(a® +4) (0> +4) (2 +4) > (a® +4)(b* +4)(c* + 4).

Note that from Holder’s inequality, we have 5(a® +4)% > (a? +4)3. Hence
it suffices to check that

(a® +4)(b? +4)(c* +4) > 5°.

Assume ¢ = min{a,b,c} < 1. Note that using the Cauchy-Schwarz in-
equality, we have

(@ +14+3) 1+ +3)(c®+4) > (a+b+3)*(? +4) = (6 —c)*(c* +4).
Hence it is sufficient to show that
(6 —c)?(c* +4) > 125, <= (c—1)*(c* — 10c +19) > 0.

We are done, since ¢ —10c+19 = (¢ —5 — \/6)(0 —5++/6) > 0. Equality
holdsiff a=b=c=1. O

For positive reals a, b, c show that:

51 3abc 4 ab n be n ca
a3—|—b3+c3_ a2+b2 b2+02 02+a2

Solution
WLOG due to symmetry, assume a > b > ¢. Then the given inequality
may be rewrritten into

22 (aaQ;bl))? 2 a::bl;—:ccs [(a=c)*+(b—a)b—0)].

cyc
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From the Cauchy-Schwarz inequality, we have

(a—b)2+ (b—rc)? n (a—c)? < 2(a —c)?
a2 +b2 b2+ c2 24a? T a2

So, our last inequality may be rewritten into

9 4 a+b+ec a+b+ec
_ _ W) (b—) 22T S,
(a—c) <a2+b2—|—02 ad + b3 + 2 +(a =) C)a3+b3+c3 -

Which is perfectly true. Equality holds if and only if a = b = c. O

28. For nonnegative reals a,b, c prove that:

(a—b)?* (b-0¢° (c—a) n 24 (ab + bc + ca)

< 8
(a +b)* (c+a)? (a+b+c)?

Solution
We can rephrase this inequality into:

(b — c)? 3(ab + be + ca)
D L I e

3

Or,

b—c)? 4 2 2 2
P A = e (U R G R CRDNE

Which can be rephrased as

2 4 1 2
Z(b—c) [(a+b+c)2 — (b+c)2] >0; < ZSa(b—c) > 0.

cyc cyc
Note that

4(a® + b + c?) a?
2 2 2 _ .
a®Sa+ U5y + 5o = =g M

So by the SOS Method, it suffices to check that we have the following
inequality:
a® n b? n c? < 4(a® + b% + ¢?)
b+c¢)?  (c+a)?®  (a+b)? (a+b+c)?

Now, we will consider two cases, assuming a = max{a, b, c}.
Case 1. ’ 3a® < 3b% + 3¢? + 8be
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2 4 2
Note that we have (bj— B < o ;+ 2 in this case, and the rest is
c a c

obvious.

Case 2. [3a® > 302 + 32 + 8bc‘

. 1 1 1 1
In this case, we note that m = max G102 (cra)? (@t b2’

and so we obtain

(b—rc)? 1 2.
Z(b+c)2 =t o2 2 (b—cp

cyc cyc

And so it suffices to check that

(a+b+c)* <4(b+c)?
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